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ABSTRACT

It is shown to be consistent with Martin’s Axiom and 2% > R; that
every two Pc-points in AN ~ N have the same topological type.

1. Introduction

Two points, p and ¢, in SN \ N will be said to be topologically equivalent or, to

have the same topological type if and only if there is an autohomeomorphism
®:5N~N~ NN N

such that ®(p) = ¢. It was shown by W. Rudin in (2] that, assuming CH,
every two P-points are topologically equivalent. In [1] van Mill asked whether
the same result can be obtained for P.-points by assuming MA instead of CH.
That the answer to this question is negative follows from the fact that it is
consistent with MA that every autohomeomorphism of SN\ N is induced by
an almost permutation of w [4]. Since MA implies that there are the maximum
number of P,-points while there are are only 28 almost permutations, topological
equivalence classes all have size 2%° and so there are many P-points which are

not topologically equivalent.
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version of this paper, which resulted in Definition 2.3.
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This raises the question of whether or not MA itself implies that there are two
Pe-points in AN\ N which are not topologically equivalent. It is the purpose of
this paper to show that the answer is negative thereby providing the complete
solution to van Mill’s question. In particular, it will be shown that there is an
equivalence relation on N\ N which, under MA, has only one equivalence class
of Pc-points, and that it is consistent with MA that any two P,-points which
are equivalent with respect to this relation are topologically equivalent. The
restriction to P-points is of course important since MA and 2% > R; implies
that there are both P,,,-points and P, -points which are not P,,-points and these
are distinct topological properties.

The notation and terminology of this paper will adhere as much as possible
to accepted standards but some of the main points are listed here. The relation
a C* b means that |a\b|< Ro. A P,-filter is a filter on w, p, such that for every
A € [p]<* there is B € p such that B C* 4 for every A € A and, moreover, « is
the greatest cardinal with this property. A P-point is an ultrafilter which is a
P,filter. If p is a filter then p* will denote the dual ideal to p.

2. An equivalence relation on P.-points

In this section a relation on ultrafilters will be defined and particular attention
will be paid to this relation on P-points. This relation will be used in obtaining
the main result of this paper; whether or not it is interesting in its own right is

left to the reader to decide. To begin, a preliminary piece of notation is required.

Definition 2.1: For any partial one-to-one function h : w — w define
(k) = {n € w;(¥i € n)({h(:), A7} (i)} C n)}.

For any infinite A C w and B C w define ¢ 4, p to be the unique order preserving
bijection from A to B and define (A, B) = 5(®4,8). ]

The set £(k) can be thought of as the set of points where h reflects. Notice
that not all functions reflect — for example, the function A(n) = n + 1 does not
— and so it is possible that X(h) = 0. It is also easy to see that £(A4,B) =
{n€w;|ANnn|=|BNn|}. In proving Lemma 4.1 the following variant of the
Galvin-McKenzie game will be used.

Definition 2.2: The game G(p,q,r) is defined for each triple of filters p, ¢ and
r on w. Play alternates between Players I and II. Player I chooses A, € p,
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B, € q and C, € r while Player II chooses a, € [Aa)<®, b, € [Bn]<® and
¢n € Cp subject to the condition that max(a, U b,) < ¢n < min(an4q U bpyy).
Player II is declared to be the winner if U{an;n € w} € p, U{bp;n € w} € ¢ and
{cn;n € w} € r. The game G(p,q) is defined similarly for each pair of filters
p and ¢ by omitting any mention of r. To be precise, Player I chooses 4, € p
and B, € q while Player II chooses a, € [4,]< and b, € [B,]<"e. Player II is
declared to be the winner if U{ap;n € w} € p and U{ba;n € w} € ¢q. |

The following lemma is a straightforward generalisation of an unpublished re-

sult of Galvin and McKenzie, but a proof is included for the reader’s convenience.

LEMMA 2.1: If p and q are P-points then Player I has no winning strategy in
the game G(p, ¢).

Proof: Suppose that Player I does have a winning strategy. Since the strategy
is necessarily a countable object it is possible to choose A € p and B € ¢ such
that if the pair of sets X and Y is ever chosen by Player I in any game by this
strategy then AC* X and BC*Y.

Now construct a sequence of integers {Nj;i € w} such that AN X C Ny and
B\Y C Ni4, for any of the finitely many plays of the game G(p,q) in which
Player II has chosen only non-empty sets contained in N; and Player I's strategy

advises to choose the pair X € p and Y € q. Choose ¢ € 3 such that

U{Nsn+i+1 N Ninpisn €w} €p

and then choose #' € 3 such that U{N3nq4ir+1 N Nayyirsn € w} € q. Let j €
3~{i,4'}. It now follows that if the game G(p, ¢) is played, with Player I following
the supposed winning strategy and Player II playing (N3g4j+3 > Nagtj41) N A
and (N3k+j+3 ~ Nak4j+1) N B at stage k of the game, then each of these moves
is legal and Player II wins. ]

Definition 2.3: Define p 4, ¢ if and only if p and ¢ are ultrafilters and r is a

filter on w and
1. for every X € p there is Y € ¢ such that £(X,Y) €,
2. for every X € q thereis Y € p such that X(X,Y) € r,

3. Player I does not have a winning strategy in the game G(p, ¢,7).
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The relation >4 will be defined to be the transitive closure of U{p<,;r € SN\ N}.
]

It is easy to see that t< is symmetric and it is transitive by definition. It is also
reflexive because p t<, p holds for any two ultrafilters p and r since £(4, 4) = w
for any A C w. Hence i is an equivalence relation. The first point worth noting
is that Martin’s Axiom implies that all P,-points are t<-equivalent. This will be

used to show that all P.-points are topologically equivalent.

LEMMA 2.2: MA implies that if p and q are P.-points then there are P,-filters
r, v’ and a P.-point t such that p >, t and t <, q. In particular, p >a q.

Proof: Let {A¢; & € ¢} be a C*-descending base for p and {Bg; £ € ¢} be a
C*-descending base for ¢. Also, let {W¢; ¢ € ¢} be an enumeration of [w]* and let
{Se; € € ¢} enumerate, cofinally often, all possible strategies for Player I in any
game G(p',¢',r') — that this is possible follows from the fact that each strategy
is a countably branching tree, because the branching is determined by Player II's
moves which are simply finite sets of integers. It suffices to construct descending
towers {C¢; € € ¢}, {Dg;€ € ¢} and {E¢; € € ¢} such that, letting ¢4, do and eq
refer to the filters generated by the first a sets from {C¢; € € ¢}, {D¢; € € ¢} and
{E¢; € € c} respectively, the following conditions hold:

o there is A¢ € p such that 4, C A and Z(A¢, E) 2 Cg,
o there is B¢ € g such that B¢ C Bg and £(Bg, E¢) 2 Dy,
o B, C*Weor EcNWe =>4,

o if S¢ is a strategy for Player I in the game G(p, e, c¢) then it is not a
winning strategy in the game G(p, eg41,ce41),

o if S¢ is a strategy for Player I in the game G(q,e¢,d¢) then it is not a
winning strategy in the game G(q,e¢41,des1),

because the filters generated by {C¢;€ € ¢} and {D¢;€ € ¢} are Pc-filters and
r = ¢, r = d. and t = e, satisfy the conclusion of the lemma. The fact
that p <, t follows from the first condition and the fact (easily proved) that if
Y(Ag, E¢) 2 Cg then there is some E' D E¢ such that £(A4¢, E') 2 Ce. A similar

argument applies to show that ¢ b, ¢.
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To see that the construction can be completed, suppose that descending towers
{Ce;€ € a}, {Dg;€ € a} and {E¢; € € a} have been constructed satisfying the
required hypothesis. First consider the case that a = 8+ 1.

Two tasks must be accomplished: A winning play against the strategy Sg
must be found for Player II and it must be decided whether or not the set Wy
will belong to the filter eq4;1. Assume that Wg N Ejg is infinite since otherwise
Eg C* w~Wj3. From the strategy Sg it is possible to construct an associ-
ated strategy Sj in the game G(p,g). To do this, let S} denote the strategy
Sg when considered as a strategy in the game G(p,eq,cq) and let S; denote
the strategy Sg when considered as a strategy in the game G(q,eq,da) — if
it happens that the strategy Ss does not make sense in either of these games
(that is, it mentions sets other than those from p, ¢, and e, or from ¢, d, and
eq) then let S; or S; be an arbitrary strategy in the appropriate game. Sup-
pose that a sequence {((4%,B‘),(a;,b;));i € k} has been played in the game
G(p,q) — in other words, Player I has chosen {(4’, B');i € k} while Player II
has chosen {(a;,b;);¢ € k} — and that Player I has also chosen auxiliary sets
{(C‘,D‘,E;,E;,;ci,d‘,e‘ el,al,b);i € k — 1} such that:

pr € 4 %
o Ci€cy, lé' € dg, E; € e and E}", € eg,
o ¢ <d <t
o Ci#1 C ¢, D1 C DY, Ei*! C B} and Eit' C EY,
o ¢! € Cg and d' € Dy,
o C*'N¢i =P and D' Nd =4,
¢ |CsNCi =Ry, |DgND'|=Ro and [WsNEgNEjNE;|= R,
o Ei*' Nmax(e; Ne;) = 0 and E;*' Nmax(e} Nef) =0,
o g;Ual CA'N(c ~c" ) and b; Ub. C B n(d' N di7!),
e a/ C A'NAp and b, C B'N By,
o el C(INd"YNEgNWNE; and ¢, C (¢! N ) NEgNWsNES,
e edN(c'NdTN) =€ N(c N dTY),

o elfIn(diNc)=e;N(d\c),



262 J. STEPRANS Isr. J. Math.
. !e:,ﬂ(c‘\c“l)|=](a;Ua:»)ﬁAgﬂ(c‘\c‘_')l,
o lein(d~dt)|=|(biub)NBsgN(d~d) .

Suppose also that Player I has also chosen C*¥~!, D¥-1] E',f -1, E¥~'and a}_, and
that Player II has just chosen (ax—1,bx—y). The strategy S; will tell Player I how
to choose (A*, B¥), (C*, D, E,’,‘,E:, a}) and (c"_l,dk“l,el’i“,es"‘ ,b}.) based on
the sets played by Player I and Player II so far as well as the auxiliary sets chosen
by Player L. In particular, Player I should choose (AF, BY), (C*, D*, E',’,‘, E:, ay)

and (c*1,d*1, e,’ﬁ“ , e:—l , b}) as follows:
e Player I defines c*~! to be the least element of
Cs N C*' N(max(ag—y U df_,)Ud*?)
such that
| NEsNEN T nEFT W Nd P 2 |ako Vg, |5
e Player I then chooses e}, C EgNEX¥1NEX'nWsu(c*~! N d*~?) such
Y k~1 Bl q s

that
lek_y) + lef™2 N b2 | = (ah_q Uar—1) N Ag]

noting that, by the induction hypothesis, e:;'2\c"_2 = efl“'z Ndg_a~c*—2;
e next, Player I chooses b} _, C Bg ™ d*=? such that [y 1> leiq |5
o then d*~1 is defined to be the least element of
Dg N D*! \(max(bg—y Ubj_,)Uck™)
such that
| NEgNEFTNEF oW~ * T 2 b U, |5
o Player I chooses €"x—y C Eg N EX' n EF"' n Wy N (d*~" ~c*7') such

that
le"k—1] + |ek—y|=[(bk_1 Ubk—1) N Bgl;

o Player I then defines e:"l = e;"z N(d*2~ck-Huei_s;

- -1 -1 k-2 " | " .
. ande;‘ l=e§ r‘l(c" Nd*F U e iy = e Ve ko
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o then (4%, E,’,‘, C*) are chosen by Player I if this is the play dictated by the
strategy S} if the sequence

{((Ai: E;n Ci)a (ai, e;, ci)); i € k}
had been played in the game G(p, eq, ca);

e then (B¥, E:, D¥) are chosen by Player I if this is the play dictated by the
strategy S if the sequence

{((Bia E;a Di)v(bl” 6;, di)); 1€ k}
had been played in the game G(g, €4, do ) — notice that | WﬂﬁEgﬂE,’,‘ ﬂE; |
= Ny because E",‘ and E: must be chosen from e,
o Player I chooses a} C A¥ N A~ c*~" such that |a}|>|ek=! N cF71] .

It follows from Lemma 2.1 that there is a play of the game G(p, ¢) where Player I
follows the strategy S but Player II wins. In other words, there is a play
{((A*, B¥), (ak, bx)); k € w} of the game G(p,q) — as well as auxiliary sets

{(C',D',E} ,E;,c',d' e}, e}, a},b}); 1 € k}

P S
— such that U{as; k € w} € p and U{bx; k € w} € ¢. Furthermore,
{((A',Ei, C),(ai, €}, ¢ )i € w}

is a legal play of the game G(p, eq,cq) in which Player I follows the strategy S§

and

{((B',E;,D'),(bg,e;,d'));i € w}
is a legal play of the game G(q, eq,d,) in which Player I follows the strategy S;.
It can be concluded that, since {(A*¥, B¥ ax,bi);k € w} is a winning play for

Player II in the game G(p, ¢), that if the following definitions are made:
o Ay = U{(ax Ua}) N Ag; k € w},
o B, = U{(bx Ub,) N Bg; k € w},
o C,= {c";k € w},

e D, = {dk;k € w},
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o By =U{e}k ew} =" U{efs k e w),

then {((A%,Ei,C'),(ai e}, ¢'));i € w} is a winning play of the game
G(p, ea+1,cat1) and {((B', E}, D), (bi, €}, d"));i € w} is a winning play of the
game G(g,e€a+1,dat1) for Player II. It follows that the strategy Ss is not a
winning strategy for Player I in G(p,e,c) or G(p,e,d). It has also been de-
cided whether or not Wy will belong to the filter generated by {Eg; 8 € ¢}.

Moreover, Player I's strategy was designed to ensure that £(Aq, Eq) 2 Cq and
(B4, Ea) 2 D, because

|Ein (i~ é™)] =]epn (e N
=(a:Ud) N AN (e~ ) =] Aan (N
and
|Ejn (@~ d=")| =lepn(d ~d™)]
=|(6:UB) N By (d' N d) = | Ba 1 (d N

Notice that the strategies are enumerated cofinally often so each strategy will
eventually be eliminated at some successor stage.

It remains to consider what happens if « is a limit ordinal. In this case there
is no need to deal with any strategy or to decide the inclusion of a set into
eo. Simply apply Martin’s axiom to the following partial order P defined by
(eyc,d,T') € P if and only if:

o T € [a]<Re,
¢ {e,c,d} C [w]<Me,
o (Vi € )| 4anil=]en]]),
o (Vj € d)(|Banjl=len;]).
The ordering on P is defined by (e,c,d,I") < (¢, ¢, d',T") if and only if:
eeCe,dCd,cCcandPCTY,
e e NeCN{E;E €T}

It is a standard exercise to see that a generic set G on this partial order produces
C!, = U{c;(e,c,d,T) € G}, D), = U{d;(e,c,d,T) € G} and E, = U{e;(e,c,d,T)
€ G}, such that
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¢ E,C*E;foreach £ € a,
o I(Aq, EQ)NCLNCe are B(Bq, E,)N D), N D are infinite for each £ € a.

The first condition is a direct consequence of the definition of the partial order
P and the fact that any £ € « can be added to the I of any condition in P. To
obtain the second clause suppose that € € a, k € w and (e,¢,d,T") € P. It must
be shown that it is possible to extend (e, c,d,I') € P to (¢’,c’,d,T) € P such that
dNCe €k (or (¢,¢,d,T') € P such that d' N D¢ € k) — the definition of P will

do the rest. To accomplish this choose j € w such that
e j > max{k, max(e), max(c)},
o |AaNj|2|e~max(c)|,
o |(Aa “max(c)) Nj| <|(NyerEy > max(c)) Njl,
¢ j€C¢ (orj€ Dg).

Let ¢’ = cU{j} (or let &' = dU {j}) and extend e to e’ as required. The only
question which needs to be answered is why it is possible to choose j € C¢ such
that | (Ag Nmax(c)) Nj |<|(NyerEy>~max(c)) N j|. The reason is that if
p = max(T") then £(A,,NyerE,) =* C, by the induction hypothesis. Moreover,
Ce N C, is infinite and A, D* A,.

It is now an easy matter to refine C/, and D), to obtain a tower. |

3. A slight modification of Velitkovié’s partial order

It will be shown that it is consistent with MA,,, that if p and ¢ are P, points and
p > q then p and ¢ have the same topological type. The main step in doing this
will depend on the following partial order which is a modification of a partial
order used by Veli¢kovié [5].

Definition 3.1: For any two ultrafilters p and ¢ and a filter r define the partial
order Q(p, ¢,7) to consist of all one-to-one functions f such that:

1. dom(f) € p*,
2. ran(f) € ¢%,

3. X(f)er,



266 J. STEPRANS Isr. J. Math.

ordered under C*.
Much of this paper will be devoted to establish closure properties for Q(p, ¢,7)
under certain conditions. The following lemma will prove to be useful in this

context.

LEMMA 3.1: Suppose that p and q are Py-points and r is a Py-filter. Suppose
also that n € A. If {fe;€ € n} is an increasing sequence from Q(p,q,r) and if
there is f' such that f' D* f¢ for each £ € 1) then there is f € Q(p, q,7) such that
f 2" fe for each € € .

Proof: Choose C € r, A € p* and B € ¢* such that A D* dom(f¢), B 2* ran(fe)
and C C* XI(fe) for each £ € 5. It follows that for each { € 7 there is some
Ag C dom(f¢) N A such that

o |dom(fe) ™ Ag| < Ro,
o felAp Cf,
o C CI(felAp)

Let f" = U{f¢ [ A;; € € n) noting that f" C f'. Now let f = f" HF7'B). It is
easy to see that T(f) 2 T(f") 2 NeeaZ(fe [ Ag) 2 C €. |

LEMMA 3.2: If p and q are Pj-points and r is a Py-filter and A > wy then

Q(p, ¢,r) is countably closed.

Proof: Given a sequence {fn;n € w} C Q(p,q,7) such that f, C* fa41 for each
n € w choose inductively k, such that f, = U{fn[(w N ka);n € w} is a function

and apply Lemma 3.1. |

LEMMA 3.3: If p and q are Py-points and r is a Py-filter and p v, q then
11Fg(p,q,r) “q has the same topological type as p”.

Proof: By Lemma 3.2 no reals are added by forcing with Q(p, ¢,r) and so p and
g are still ultrafilters in the generic extension. It is sufficient to show that there
is an automorphism of the Boolean algebra P(w)/[w]<® which takes the filter p
to the filter . Let [X] represent the equivalence class of X in P(w)/[w]<®e. If G
is Q(p, ¢, r)-generic define an automorphism &g : P(w)/[w]<M = Pw)/[w]<Ne
by

_ | Ha()ie X} if (39 € G)(X C dom(g)),
6([X]) = { [w>{g(i);i €w~X}] if (g9 € G)w ™ X C dom(g)).
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If it can be shown that dom(®¢) = P(w)/[w]<®* = ran(®g) then it is routine
to check that ®¢ induces the desired autohomeomorphism of SN\ N. It suffices
to check that if X C w is in the ground model and f € Q(p,q,r) then there is
f' 2 f such that f' IFg, . “[X] € dom(®g) Nran(®¢)”. To see that this is so
assume that X € p* (otherwise deal with w \ X). Let X' = X Udom(f) € p*.
The definition of t<, ensures that there is Y € ¢* such that (X', Y) € r. It is
an easy matter to extend f to f’ so that X C dom(f’) and ran(f’) C ran(f)UY.
Obviously f' IF “[X] € dom(®¢)”. It is equally easy to put [X] into the range of
®q. |

4. The iterated partial order

In this section it will be shown how to construct a model of set theory in which
any two Pc-points are topologically equivalent. To begin, let V be a model of
PFA and, in this model, let {(pa, ¢a,a); @ € ¢} be an enumeration of all names of
triples of P-points which come from R;-chain condition partial orders of size R,.
In this model construct an iteration {P,;a € w3} with supports of size R; such
that, for each a € w3, if 1 IFp, “pa ™, ¢o” then Poy1 = Py * Q(pa, qayTa) —
otherwise Q(pa, ga, ra ) is trivial. It follows from Lemma 3.2 that P,,, is countably

closed. Moreover, since all triples have been enumerated, it follows that
likp,, “(Vp,q,r)( if pva, g then (3a)(p = pa,q = ga and r =r1,4))".

If it can be shown that P, is Rj-distributive then it will immediately follow
that MA,,, also holds in this model since MA,,, refers only to structures (that is
partial orders and families of dense sets) of size 8; and no new such structures
have been added. It will then follow from Lemmas 3.3 and 2.2 that the resulting

model is one in which all P,-points are topologically equivalent.

Definition 4.1: Let {ga;a € €} be an increasing sequence in Q(p,q,r). Define
the partial order

R({ga; @ € £}) = {g;(Fa € {)(g =" 94)}.

The ordering on R({gq; @ € £}) is C as opposed to C* in Q(p, ¢, 7). |

Notice that the definition of R({gq; a € £}) does not depend on Q(p,¢,r) but
only on {g.;a € £}; however the partial order R({gq; @ € ¢}) will only be used
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in the context that {ga;a € £} € Q(p,q,r) for some p, ¢ and r. The following
lemma illustrates how these partial orders will be used to construct conditions in
the partial order Q(p, q,r).

LEMMA 4.1: Suppose that:

1. p and q are P,-points in SN\ N,

2. r is a filter such that p <, g,

3. {g¢; € € n} is an increasing sequence from Q(p, ¢,r),

4. R({g¢; € € n}) € A and A is a countable elementary submodel of H(w;).
Then there is g € Q(p, q,r) which is A-generic for R({g¢; € € }). Moreover, for
any extension {g¢; € € p} of {ge; € € n} such that g, = g, every D € % is predense
in R({g¢; € € p}) provided that it is dense in R({g¢; € € 1}).

Proof: Let {Dn;n € w} enumerate the dense subsets of R({ge;€ € n}) in
2A. Players I and II will now play the game G(p,q,r) with Player I using the
strategy about to be described. At stage n of the game suppose that Player II
has chosen {(a;, bi,c;);i € n} while Player I has chosen {(4;, Bi,Ci);i € n} as
well as conditions {h;i € n} from R({ge; € € n}). Then Player Is strategy is to
choose A,, B, and C, according to the following plan:

1. choose an arbitrary enumeration {(g,s');i € M, } of all pairs (g, s) such

that ¢ : ca—1 — ¢p—1 is a bijection and s € n;

2. then choose a sequence {f};i € M.} C Q(p,q,r) such that for each ¢ the
following conditions hold:

(a') f:z €Dy and g:; c f:n
(b) fil(w™cn-1) € fit,
(c) U{hi;i € n} (W™ ca-1) C 3

3. then let Cp = (N{Z(f});i € Mp} N cn—1) N(N{Cisi € n});
4. define by, = (U{f% [ (w ™ cn=1);t € My })U (U{hi;i € n});
5. let A, =w\ dom(h,) and B, = w \ran(h,).

It is easy to check that the density of D,: ensures that it is always possible
for Player I to follow this strategy. The main thing to notice is that, because
en—1 € N{Ci;i € n} it follows that hi(j) € ca-1 and h7'(j) € cu—y for each
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J € cn—1 and i € n — hence there is no conflict, in defining f2 to be a one-to-one
function, with the restriction that g2 C f2 and U{h;;i € n} [(w~¢c,) C f2. In
other words, g U (U{hi;i € n}) [ (w N cn—1) is a one-to-one function for each
i €M,.

By the hypothesis on p, ¢ and r this is not a winning strategy and so there must
be some play of the game {(Ax, Bk, C),(ak,bk,ck); k € w} in which Player I
has played according to this strategy but, nevertheless, Player II has won. In
particular, U{aj;j €w} = A€ p,U{bj;j€w} =Beqand {c;;jew}=Cer.
Notice that a; N dom(h;) = @ for all i and j because if i < j then a; C 4; =
w N dom(h;) € w ™~ dom(h;) whileif > j then dom(k;)N¢; = @ and ¢; > max(a;)
because of the rules of the game G(p, ¢,r); hence dom(h;) " A = . Similarly,
ran(h;) N B = § for each i € w. It follows that if g is defined to be U{h; k € w}
then ¢ € Q(p,q,r) provided that it can be shown that £(g) D C. To see this
let, ¢, € C. Observe that ¢, € (Ujen+1hi) by definition. Also note that, since
Player Is strategy involved enumerating only bijections in {(g, 1;,5');i € Mn41},
it follows that ¢, € £(f7,,) for each ¢ € My 41 and hence

dom(hpi1 N Uient+1hi) Uran(fint1 N Uient1hi) Cw N cp.

Furthermore, if m > n + 1 then dom(h,,) Uran(h,,) C w ¢,. From these facts
it follows that £(g) 2 C.

Moreover, g is A-generic for R({ge; € € n}) in the strong sense of the lemma.
To see this suppose that D € 2 is a dense set in R({g¢; € € n}) and R({g¢; € € p})
is a sequence extending R({ge;€ € n}) such that ¢ = g,. Let K be such that
D = Dg. Suppose also that ¢ C h, h € R({g¢; € € p}) and that h is incompatible
with every element of D. Since h € R({g¢; € € p}) it follows that $(h) € r and
hence there is some k € C N I(h) such that |C Nk |> K. Hence, for some j,
k = ¢; was chosen by Player II at stage j of the game and j > K.

Now consider the strategy used by Player I to choose A4, Bj4; and Cj44. In
the enumeration {(g;+1,si);i € M1} of the subset of %c;j x (j + 1), whose first
coordinates are bijections, there is some m € Mj;; such that 9731 2 hlc; and
s™ = K. It follows that f}; € D by Player Is strategy. Also fi}; [(w~¢;) C
hi+1 C g Chand f7},¢c; 2 hlcj. Moreover, because c; € E(h) it follows that
h[(w~c;)U g is one-to-one for any one-to-one g : c; — ¢;. It follows that A is

compatible with some member of D — namely f1},. |
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LEMMA 4.2: P, is Ry-distributive.

Proof: Let {E,;pu € w1} be dense sets in P, and and let f € P.,. Let D be
a countably closed forcing notion which adds a {-sequence {Ay;a € w1} — to
be precise, {Aq;@ € w1} is a collection such that A, € [a]®e for each a € w;
and, moreover, there is a surjection © : wy — w; such that for all X C H,,, and
B € w; the set {¢ € w1; X Np € Ay and O(p) = [} is stationary. In the model
obtained by forcing with D let 9 < H,, be such that |9 |=R,, [M]} C M
and both f and P,, belong to 9 as do the indexed families {A,;a € w;} and
{E4; @ € wy}. Notice that w; is both an element as well as a subset of 9. Hence
each individual A, and E, belongs to M.

By extending the sets A, for @ € w; it may, without loss of generality, be

assumed that
e each A, is a model of a large fragment of set theory,
o Ay CAgifac€p,
o U{Ag;a€w} DMNH,,.

Let 6 : wy — [M N w;]<M be a surjection such that O(a) = O(B) implies that
8(a) = 6(8).
To finish the proof assume that a sequence {fo;« € w;} has been constructed

such that the following properties are satisfied:
1L fo=/,
2. fa41 € E,,
3. fa€P,, NI,

~ 4. if a € B then f, > f3,

5. for all g € Ugew,support(fq) there is a(p) such that for each a > a(u)
there is g§ such that fo [plrp, “fa(n) = §;” — if @ < a(p) then define
g: =0,

6. if v € 6(a) then

falv ke, “fa(7) is Aal{fa(6); 8 € 6(a) N y}]-generic for R({g$;¢ € a})”.
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Such a sequence is easily constructed using Lemma 4.1.
Given such a sequence {fs;a € w;} it follows from condition 6 and the
hypothesis on © and 6 that for each T € [N w;]<Re

[ R({s55 € wn})

ver

has the countable chain condition. (Note that the iteration can be written as
a product because the partial orders R({g5;a € w:}) are in the ground model
since the sequence {¢5;« € w;} has been decided and no new reals are added by
forcing with P,. Also, the ultrafilters p,, ¢, and r, play no role in the definition
of the partial order R({g$; € wi1})). The standard argument for this is to
suppose that

¢ C [IR{sS;a € wn})
~Er

is a maximal antichain for some I' = {y1,72,...,7%} € [ N w;]<¥e. The

hypothesis on {A¢;& € w1} ensures that there is some £ € w; such that
e {>a(y)foryeT,
e 6(§)=T € A,
o {g5a €t} € A,

¢ CN[Ler R({gS; @ € €}) € A¢ is a maximal antichain in

[T R({g5: 0 € €}

v€er

Since fe(7) is A¢[{fe(8); 6 € ¥yNO(E)}]-generic for the partial order R({g$; ¢ € £})
it follows that (fe(71), fe(72), -, fe(k)) is Ag-generic for the partial order

[IRUg5;a €wn}).

=1

This follows from the general fact [3] that if p is A-generic for P and
plp “q is A[G]-generic for Q”

then p * q is A-generic for Px Q.
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Hence C N[, cr R({g5; @ € £}) is a maximal antichain in

HR({Q:,.;G €wi})

because of the genericity of (fe(11), fe(92), - - -, fe(x)) over the model A¢ — this
relies on the fact that 8(6) = I' — and the fact C N [[ rR({g5; @ € £}) € A¢.

Hence C is countable and it follows that

II RUssiaewm))

YEMNw;

has the countable chain condition since each finite subproduct does.

Let G be
I RisSiaew)

YEMNwW,

generic and define £, (v) = U{g(7);g € G}. It is clear that f;, (v) 2* fal7) for
each @ € w; and v € MNw; and that f, (7) is a one-to-one function. What is
not yet true is that dom(f,, (7)) € py and ran(f, (7)) € p,. However to obtain
the structure ({f¢; € € w1}, f') requires meeting only ®; dense sets in

D+ [ R{5iaew})

YEwW

and since this is a proper partial order it follows from PFA that the structure

can be constructed. It then follows from Lemma 3.1 and the fact that
0 IFp, “py and g, are Pc-points and ry is a Pc-filter”
that there is a f € P,,, such that dom(f) = MNw, and

fintkp, “f(n) € f'(n) and f(n) 2* fu(n)”

for each n € MNw; and p € wy. Note that, in general, f(n) is a P,-name for a
condition and not of the form § because the filters p,, ¢, and r, may not have

been determined. |
The results of this section prove the following theorem.

THEOREM 4.1: If ZF is consistent then so is ZFC and MA,, and every two
P.-points are topologically equivalent.
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Proof: Let V be a model of PFA and let G be P.,-generic over V. In the
resulting model M A,,, still holds and also if p and ¢ are any two P-points such
that p b« ¢ then p and ¢ have the same topological type. The result then follows
because Lemma 2.2 implies that if p and ¢ are any two P.-points then p o4 q.
|

5. Open questions

It has been shown that it is consistent with MA,, that there are topological

equivalence classes both of size 2% and 22"° but are these the only possibilities?

QUESTION 5.1: Is it consistent with MA that there is a topological equivalence

. R
class of size k and 2% < k < 22°°7

QUESTION 5.2: Is it consistent with ZFC that there is a topological equivalence
class of size k and 2% < k < 22"°?

QUESTION 5.3: Is it consistent with MA that there are two topological equiva-
lence classes of different cardinalities?
The question of the number of different topological types in AN\ N still does not

seem to be completely understood.

QUESTION 5.4: Is it consistent with MA that there are less than 22"° topological
equivalence classes in AN~ N ?

Theorem 4.1 refers only to P-points but in order to answer Question 5.4 it will
be necessary to obtain similar results for other points as well. The following

question indicates only one of several possibilities.

QUESTION 5.5: Is it consistent with MA,,, that any two P, -points are topolog-
ically equivalent?

QUESTION 5.6: If the answer to Question 5.5 is negative then what is the best
that can be done?

It is worth noting that the homeomorphisms constructed in Theorem 4.1 are all
of a special type — in the sense that they can be considered to be limits of trivial
homeomorphisms. Is it consistent with MA that there is a homeomorphism which

is not of this type? Perhaps MA implies a structure theorem for homeomorphisms

of AN\ N.
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